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We can arrange the differential equations and output equation into the standard form of state space

model as,
- [2]-[F 1l o
v=ro 1],
Where,

State Space Model from Transfer Function

Consider the two types of transfer functions based on the type of terms present in the numerator.

= Transfer function having constant term in Numerator.
= Transfer function having polynomial function of 's” in Numerator.

Transfer function having constant term in Numerator

Consider the following transfer function of a system

Y(s) _ bo
U(s) s™+a, 18" 1+...+a1s+ap
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Rearrange,. the abowve equation as

(8™ +ap 18" 1 +...+ag)Y(s) = boU (s)

Apply inverse Laplace transform on both sides.

d™y(t) d™ ty(e) dy(t)
“de + a,, 1 F_F -.t+aq dr + agy(t) = bou(t)
Let
y(t) = =,
dyl(+
Y2 — w2 —
d?y(t) :
a2z o'
d™ Lyt
T = =
d™y(t) .
o dg T
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and wu(t) = u
Then,

Ty + 0y 1T+ .. +a@ijxo + apry — bpu

From the above equation, we can write the following state equation.

&p = —QAQT] — A1T2—. .. —Q, 1T, + bpu

The output equation is -
Yy(t) =y= x>,

The state space model is -

0 1 0 0 0 T 0
0 0 1 ] B o 0
— : + [ 2]
0 0 0 O 1 T 1 0
 —ag —a; —az ... —aQnp 2 —ap 1| L T, | | bo _
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C ey ]
Ty
Y=[1 0 0 0]
Ln-1
e mﬂ =l
Here, D =[0].
Example

Find the state space model for the system having transfer function.

Y(s) B 1
U(s) s2+s+1

Rearrange, the above equation as,

(s +5+1)Y(s) =U(s)

Apply inverse Laplace transform on both the sides.

2
< d'zf} OO
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Let

y(t) =z
and u(tf) =u
Then, the state equation is
To = —T] —To+ U
The output equation is
y(t) =y =

The state space model is
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Transfer function having polynomial function of ‘s’ in Numerator

Consider the following transfer function of a system

Y(s)  bps™ +b, 18" 1+...+bis+ by
U(s) S 4 Qp 18" 14 4a18 +ag

Y(s) ( 1 ) B
N bﬂ " 'b-n— " - b
U[S] g™ 1 an—13ﬂ_1 4...4a;18 + ag ( s + 18 -+ +bys + bﬂ}

The above equation is in the form of product of transfer functions of two blocks, which are cascaded.

Y(s) V(S)) (Y(«?J
U(s) U(s)/ \V(s)

Here,

V(s) 1
U(s) 8"+ ap, 18" 4. .. +a15+ag

Rearrange, the above equation as
(8" + ap 18" '+...+apg)V(s) = U(s)
Apply inverse Laplace transform on both the sides.

d™v(t) d™u() dv(¢) _
—q T AT gy e e g o+ aov(t) = u(t)
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Let

v(t) =z
du((t)
a T m
d2u(t) _
a2
d™u(t
dfn_g ) = ILp = “'-i:n—l
d"v(t) .
de n
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and u(t) =u

Then, the state equation is

Iy = —AQT] — AT —... —0Qp_ 1T, + U

Consider,

Y(s)

I T n—1
V(s) =b,s5" +b,,_18 4+ ... 4+bs + by

Rearrange, the above equation as
Y(s) = (bas™ + bp15" 4. +bis + bo)V(s)

Apply inverse Laplace transform on both the sides.

dmu(t)
y(t] — bnT + b:n,—].

n—1
" o) |, do(h)

By substituting the state varnables and y{t} = 1y In the above equation, will get the output

equation as,

y=>b,z&, +b, 1x,+...+byx2s 4+ byx,

Substitute, &, wvalue in the above equation.
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y=bp(—apr1 —a1x9—... —Qp_ 1T, +u) + b, 12, +... +b1x2 + bpzy

Yy = (bo — bpag)x1 + (b — bpar)xa+... +(bp1 — bpa, 1)z, + bru

The state space model is

|
i)
X = :
:i:n—l
L T _
-0 1 0
0 0 1
0 0 0
. —ap —iy —a2
Y = [b[] — bni_’l[] bl — bna]_
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] 0
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|

If b, =0 ,then, "2
Y = [b[] bl .aa bﬂ_ﬂ E}'a-z—l] :

Transfer Function from State Space Model

We know the state space model of a Linear Time-Invariant (LTI} system is -
X = AX + BU
Y =CX+ DU
Apply Laplace Transform on both sides of the state equation.
sX(s) = AX(s) + BU(s)

= (s8I — A)X(s) = BU(s)

= X(s) = (sI — A) ' BU(s)

Apply Laplace Transform on both sides of the output equation.

Y(s) = CX(s) + DU(s)

Substitute, X({s) value in the above equation.
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