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MPM-221: ADVANCE QUANTUM MECHANICS Credit 04 (3-1-0) 

Unit I: Formulation of Relativistic Quantum Theory

Relativistic Notations, The Klein-Gordon equation, Physical interpretation, Probability current density & Inadequacy of Klein-Gordon equation,

Dirac relativistic equation & Mathematical formulation, α and β matrices and related algebra, Properties of four matrices α and β, Matrix

representation of α
′𝑠
𝑖

and β, True continuity equation and interpretation.

Unit II: Covariance of Dirac Equation

Covariant form of Dirac equation, Dirac gamma (γ) matrices, Representation and properties, Trace identities, fifth gamma matrix γ5, Solution of

Dirac equation for free particle (Plane wave solution), Dirac spinor, Helicity operator, Explicit form, Negative energy states

Unit III: Field Quantization

Introduction to quantum field theory, Lagrangian field theory, Euler–Lagrange equations, Hamiltonian formalism, Quantized Lagrangian field 

theory, Canonical commutation relations, The Klein-Gordon field, Second quantization, Hamiltonian and Momentum, Normal ordering, Fock

space, The complex Klein-Gordan field: complex scalar field

Unit IV: Approximate Methods

Time independent perturbation theory, The Variational method, Estimation of ground state energy, The Wentzel-Kramers-

Brillouin (WKB) method, Validity of the WKB approximation, Time-Dependent Perturbation theory, Transition probability, Fermi-Golden Rule

Books & References:

1: Advance Quantum Mechanics by J. J. Sakurai ( Pearson Education India)

2: Relativistic Quantum Mechanics by James D. Bjorken and Sidney D. Drell (McGraw-Hill Book Company; New York, 1964).

3: An Introduction to Relativistic Quantum Field Theory by S.S. Schweber (Harper & Row, New York, 1961).

4: Quantum Field Theory by F. Mandl & G. Shaw (John Wiley and Sons Ltd, 1984)

5: A First Book of Quantum Field Theory by A. Lahiri & P.B. Pal (Narosa Publishing House, New Delhi, 2000)
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Covariance form of the Dirac Equation



Covariance form of the Dirac Equation



Gamma Matrices



Properties of Gamma Matrices
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Solution of Dirac Equation for free particles: Plane wave solution



Solution of Dirac Equation for free particles: Continue…
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Solution of Dirac Equation for free particles: Continue



Dirac equation:
free particles



You simply ‘derive’ the Schrödinger equation from classical mechanics:

E=
𝒑2

2𝑚
𝑖

𝑡
 = −

1

2𝑚
2→ Schrödinger equation

With the relativistic relation between E, p & m you get:

𝐸2=𝒑2+𝑚2 2

𝑡2
 = 2 −𝑚2→ Klein-Gordon equation

Schrödinger − Klein-Gordon − Dirac

Dirac equation

The negative energy solutions led Dirac to try an equation with 
first order derivatives in time (like Schrödinger) as well as in space

𝑖
𝜕

𝜕𝑡
 = −𝑖 𝛻 + 𝑚

E=𝑖

𝑡

Quantum mechanical  E & p operators:
Ԧ𝑝=−𝑖

𝒑𝝁 = 𝑬,𝒑

→ i𝝏𝝁 = 𝒊
𝝏

𝝏𝒕
, −𝜵



Does it make sense?

Also Dirac equation should reflect:  𝑬𝟐=𝒑𝟐+𝒎𝟐

Basically squaring:  𝒊
𝝏

𝝏𝒕
 = −𝒊 𝜵+ 𝒎 = 𝒑 + 𝒎

Tells you:  

 2=1

i
2=1

i +i = 0

ij: i j +j i = 0

𝐄𝟐

𝐦𝟐

𝐩𝟐



Properties of i and 
 and  can not be simple commuting numbers, but must be matrices 

Because  2= i
2=1, both  and  must have eigenvalues  1 

Since the eigenvalues are real ( 1), 
both  and  must be Hermitean

Both  and  must be traceless matrices:  Tr(ABC) = Tr(CAB) = Tr(BCA) 

You can easily show the dimension d of  the matrices  , to be even:

d odd
d even

or: with eigenvalues 1, matrices are only traceless in even dimensions

either:

cyclic
anti 

commutation 2=1  2=1

𝑨𝒊𝒋𝑩𝒋𝒌𝑪𝒌𝒊 = 𝑪𝒌𝒊 𝑨𝒊𝒋𝑩𝒋𝒌 = 𝑩𝒋𝒌𝑪𝒌𝒊 𝑨𝒊𝒋

Tr(i ) = Tr(i) =  Tr(i) = −Tr(i) = −Tr(i ) and hence Tr(i )=0



Explicit expressions for i and 

In 2 dimensions, you find at most 3 anti-commuting matrices, 
Pauli spin matrices:

In 4 dimensions, you can find 4 anti-commuting matrices, 
numerous possibilities, Dirac-Pauli representation:

Any other set of 4 anti-commutating matrices will give same physics
(if the Dirac equation is to make any sense at all of course …..
and … if it would not: we would not be discussing it here!)

𝜷 =

𝟏 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

−𝟏 𝟎
𝟎 −𝟏

𝜶𝟏 =

𝟎 𝟎
𝟎 𝟎

𝟎 𝟏
𝟏 𝟎

𝟎 𝟏
𝟏 𝟎

𝟎 𝟎
𝟎 𝟎

𝜶𝟐 =

𝟎 𝟎
𝟎 𝟎

𝟎 −𝒊
𝒊 𝟎

𝟎 −𝒊
𝒊 𝟎

𝟎 𝟎
𝟎 𝟎

𝜶𝟑 =

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 −𝟏

𝟏 𝟎
𝟎 −𝟏

𝟎 𝟎
𝟎 𝟎



Co-variant form: Dirac -matrices

𝑖
𝜕

𝜕𝑡
 = −𝑖 𝛻 + 𝑚 does not look that Lorentz invariant

𝑚 = 𝑖
𝜕

𝜕𝑡
+ 𝑖 𝛽𝛻 ≡ 𝑖𝜕

Multiplying on the left with  and collecting all the derivatives gives:

Hereby, the Dirac -matrices are defined as:

And you can verify that:

As well as: and:

note: 𝝏𝝁 = 𝝏𝒕, +𝜵

→ 𝜸𝝁+ = 𝜸𝟎𝜸𝝁𝜸𝟎



Co-variant form: Dirac -matrices

𝜷 =

𝟏 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

−𝟏 𝟎
𝟎 −𝟏

𝜶𝟏 =

𝟎 𝟎
𝟎 𝟎

𝟎 𝟏
𝟏 𝟎

𝟎 𝟏
𝟏 𝟎

𝟎 𝟎
𝟎 𝟎

𝜶𝟐 =

𝟎 𝟎
𝟎 𝟎

𝟎 −𝒊
𝒊 𝟎

𝟎 −𝒊
𝒊 𝟎

𝟎 𝟎
𝟎 𝟎

𝜶𝟑 =

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 −𝟏

𝟏 𝟎
𝟎 −𝟏

𝟎 𝟎
𝟎 𝟎

with the Dirac -matrices defined as:

𝜸𝟎 =

𝟏 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

−𝟏 𝟎
𝟎 −𝟏

𝜸𝟏 =

𝟎 𝟎
𝟎 𝟎

𝟎 𝟏
𝟏 𝟎

𝟎 −𝟏
−𝟏 𝟎

𝟎 𝟎
𝟎 𝟎

𝜸𝟐 =

𝟎 𝟎
𝟎 𝟎

𝟎 −𝒊
𝒊 𝟎

𝟎 𝒊
−𝒊 𝟎

𝟎 𝟎
𝟎 𝟎

𝜸𝟑 =

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 −𝟏

−𝟏 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝒎 = 𝒊𝝏



Warning!

The Dirac wave-functions ( or ), so-called ´spinors´ have interesting

Lorentz transformation properties which we will discuss shortly. 

After that it will become clear why the notation with         is useful!

To make things even worse, we define:                              

𝑚 = 𝑖𝜕This                                   notation is misleading,          is not a 4-vector!

The         are just a set of four 44 matrices, which do no not transform 

at all i.e. in every frame they are the same, despite the -index.





& beautiful!



Spinors & (Dirac) matrices

𝜸𝝁 =

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

𝝓 =

∗
∗
∗
∗

𝝓+ = ∗ ∗ ∗ ∗

𝜸𝝁𝝓 =

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

×

∗
∗
∗
∗

=

∗
∗
∗
∗

𝝓+𝜸𝝁 = ∗ ∗ ∗ ∗ ×

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

= ∗ ∗ ∗ ∗

𝝓+𝝓 = ∗ ∗ ∗ ∗ ×

∗
∗
∗
∗

= ∗ 𝝓𝝓+ =

∗
∗
∗
∗

× ∗ ∗ ∗ ∗ =

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

𝝓 𝜸𝝁 =

∗
∗
∗
∗

×

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

=

𝜸𝝁𝝓+ =

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

∗ ∗
∗ ∗

× ∗ ∗ ∗ ∗ =

this one we will encounter later …



Dirac current & probability densities

Conserved 4-current:

Proceed analogously to Schrödinger & Klein-Gordon equations, 
but with Hermitean instead of complex conjugate wave-functions:

 en  Dirac equations for                      :&

Add these two equations to get:

× 

× ഥ

× 𝟎

(exactly what Dirac aimed to achieve …)



Solutions: particles @ rest 𝒑 = 𝟎

Solve by splitting 4-component in two 2-components:
A

B






 
=  
 

Dirac equation for  𝒑 = 𝟎 is simple:

with   0(1/c) t follows:

solutions: e− e+



Solutions: moving particles 𝒑 ≠ 𝟎
Dirac equation for  𝒑 ≠ 𝟎 less simple:

Anticipate plane-waves:

And again anticipate  two 2-components:
( )

( )
( )

A

B

u p
u p

u p

 
=  
 

Plugging this in gives:



0 k



Solutions: moving particles 𝒑 ≠ 𝟎

e−

e+

Solutions: pick uA(p) & calculate uB(p):  

Similarly: pick uB(p) & calculate uA(p):  

In limit 𝒑 → 𝟎 you retrieve the E>0 solutions, hence these are 𝒑 ≠ 𝟎 electron solutions  

In limit 𝒑 → 𝟎 you retrieve the E<0 solutions, hence these are 𝒑 ≠ 𝟎 positron solutions  

− −

𝒖𝑨 =
𝟏
𝟎

→ 𝒖𝑨 =
𝟎
𝟏

→

𝒖𝑩 =
𝟎
𝟏

→𝒖𝑩 =
𝟏
𝟎

→

E>0

E<0



Recap
introduction

Dirac
equation



Dirac equation

With  , 1, 2 & 3 (44) matrices, satisfying:

 2=1

i
2=1

 + = 0

ij: i j +j i = 0

𝐄𝟐

𝐦𝟐

𝐩𝟐

From:  𝑬𝟐=𝒑𝟐+𝒎𝟐
E=𝑖


𝑡

Ԧ𝑝=−𝑖
& classical → QM ‘transcription’:  

𝒊
𝝏

𝝏𝒕
 = −𝒊 𝜵+ 𝒎 = 𝒑+ 𝒎We found:  

𝜷 =

𝟏 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

−𝟏 𝟎
𝟎 −𝟏

𝜶𝟏 =

𝟎 𝟎
𝟎 𝟎

𝟎 𝟏
𝟏 𝟎

𝟎 𝟏
𝟏 𝟎

𝟎 𝟎
𝟎 𝟎

𝜶𝟐 =

𝟎 𝟎
𝟎 𝟎

𝟎 −𝒊
𝒊 𝟎

𝟎 −𝒊
𝒊 𝟎

𝟎 𝟎
𝟎 𝟎

𝜶𝟑 =

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 −𝟏

𝟏 𝟎
𝟎 −𝟏

𝟎 𝟎
𝟎 𝟎

𝝏𝝁 = 𝝏𝒕, −𝜵

𝑬𝟐 = 𝒑𝟐 +𝒎𝟐?



Multiplying on the left with  and collecting all the derivatives gives covariant form:

note: 𝝏𝝁 = 𝝏𝒕, +𝜵

𝜸𝟎 =

𝟏 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

−𝟏 𝟎
𝟎 −𝟏

𝜸𝟏 =

𝟎 𝟎
𝟎 𝟎

𝟎 𝟏
𝟏 𝟎

𝟎 −𝟏
−𝟏 𝟎

𝟎 𝟎
𝟎 𝟎

𝜸𝟐 =

𝟎 𝟎
𝟎 𝟎

𝟎 −𝒊
𝒊 𝟎

𝟎 𝒊
−𝒊 𝟎

𝟎 𝟎
𝟎 𝟎

𝜸𝟑 =

𝟎 𝟎
𝟎 𝟎

𝟏 𝟎
𝟎 −𝟏

−𝟏 𝟎
𝟎 𝟏

𝟎 𝟎
𝟎 𝟎

Co-variant form: Dirac -matrices

Dirac’s original form does not look covariant: 𝑖
𝜕

𝜕𝑡
 = −𝑖 𝛻+ 𝑚

With Dirac -matrices defined as: 𝛾0 = 𝛽 =
1 0
0 −1

𝛾𝑘 = 𝛽𝛼𝑘 =
0 𝜎𝑘

−𝜎𝑘 0

From the properties of  , 1, 2 & 3 follows:

→ 𝜸𝝁+ = 𝜸𝟎𝜸𝝁𝜸𝟎



Dirac particle solutions: spinors

Ansatz solution:  =
𝒖𝑨 𝒑

𝒖𝑩 𝒑
𝒆−𝒊𝒑∙𝒙

𝒑 = 𝟎 solutions:
e− e+𝒖𝑨 =

𝟎
𝟏

𝒖𝑩 =
𝟎
𝟏

− −

E>0 E<0spin ½ electrons spin ½ positrons

Dirac eqn.:

𝒖𝑨 =
𝟏
𝟎

𝒖𝑩 =
𝟏
𝟎

𝒖𝑨 𝒑 =
𝒑 ∙ 𝝈

𝑬 −𝒎
𝒖𝑩 𝒑

𝒖𝑩 𝒑 =
𝒑 ∙ 𝝈

𝑬 +𝒎
𝒖𝑨 𝒑

𝒑 ≠ 𝟎 solutions:



Dirac equation:
more on free particles

normalisation
4-vector current

anti-particles



One more look at  Ԧ𝑝

The conditions:

Imply:

 1

Check this:



 𝒑𝟐𝒄𝟐 = 𝑬𝟐 −𝒎𝟐𝒄𝟒

i.e. energy-momentum 
relation, as expected

sorry for the c’s



Normalisation of the Dirac spinors

Spinors 1 & 2, E>0:

Just calculate it!:

Spinors 3 & 4, E<0:

To normalize @ 2E particles/unit volume

To normalize @ 2E particles/unit volume

−



Thanks


