LaPlace Transform in Circuit Analysis

Obijectives:
*Calculate the Laplace transform of common functions
using the definition and the Laplace transform tables
*Laplace-transform a circuit, including components with
non-zero initial conditions.
*Analyze a circuit in the s-domain
*Check your s-domain answers using the initial value
theorem (IVT) and final value theorem (FVT)
*Inverse Laplace-transform the result to get the time-
domain solutions; be able to identify the forced and
natural response components of the time-domain solution.
(Note — this material is covered in Chapter 12 and Sections

13.1 — 13.3)
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What types of circuits can we analyze?
*Circuits with any number and type of DC sources and
any number of resistors.
*First-order (RL and RC) circuits with no source and with a
DC source.
*Second-order (series and parallel RLC) circuits with no
source and with a DC source.
*Circuits with sinusoidal sources and any number of
resistors, inductors, capacitors (and a transformer or op

amp), but can generate only the steady-state response.



LaPlace Transform in Circuit Analysis

What types of circuits will Laplace methods allow us to
analyze?
*Circuits with any type of source (so long as the function
describing the source has a Laplace transform), resistors,
inductors, capacitors, transformers, and/or op amps; the
Laplace methods produce the complete response!
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-

Definition of the Laplace transform:

LLEOY=F(s)= ] f(t)edt

Note that there are limitations on the types of functions for

which a Laplace transform exists, but those functions are
“pathological”, and not generally of interest to engineers!
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=

Aside — formally define the “step function”, which is often
modeled in a circuit by a voltage source in series with a
switch.

f(t) = Ku(t)

f(t) =0, t<0
= K, t>0

When K = 1, f(t) = u(t), which we call the unit step function



LaPlace Transform in Circuit Analysis
N

More step functions:

The step function shifted in time The “window” function

f(t) = Ku(t-a) f(t) = Ku(t-a,) - Ku(t-a,)




B
Which of these expressions describes

the function plotted here?

5

X ut-95)
X . 5u(t+15) s
v o 5yt =15)
X, 15u(t — 5)




Which of these expressions describes the
function plotted here?

Y
<~ 8u(t + 4)
X. 41-8 4 ,
X . gui-4)



Which of these expressions describes the
function plotted here?

X 2ut+ 5)+ 2ut-10) - 10 ’
X. 2ut-5)+ 2u(t +10)
v 24t + 5)=2u(t=10)
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1)
Use “window” functions to )

-

express this piecewise linear

function as a single function . e ((s)
valid for all time. \/
—

2t, 0<t<1s [u(t) —u(t-1)]
f(t)= —-2t+4, 0<t<1ls J[u(t—-1)—u(t-3)]
2t—8, 0<t<1ls [u(t-3)-u(t-4)]
0, t>4s
f(t) =2t[u(t) —u(t -]+ (-2t + Hu(t —1) —u(t - 3)]
+(2t-8)[u(t—3)—u(t—4)]
=2tu(t) -4t -Du(t -1)+4(t -3)u(t—3) - 2(t—4)u(t —4)
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-

The impulse function, created so that the step function’s derivative is
defined for all time:

The step function The first derivative of the step function

f(t) = u(t) df(T)/dT
1 1

The value of the
derivative at the

origin is undefined!
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Use a limiting function to define the step function and its first

derivativel

The step function

g(t)
]/
-& E
g(t)—>f(1)

as >0

1/2¢

The first derivative of the step function

dg(t)/dt

[dg/dt](0)—5(t)
as €0
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The unit impulse function is represented symbolically as oO(t).
Definition:
ernmen o(t)=0 for t=0
and [ S(t)di=1

(Note that thearea under the g(t) function is

zi (¢ + &), which approacheslas & — 0)
g
Note also that any limiting function with the following characteristics
can be used to generate the unit impulse function:
*Height > w0 ase—> 0

*Width >0 ase—> 0
*Area is constant for all values of ¢
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Another definition: §(t) _ du(t)

dt
O(t) KO(t) Ko(t-a)

1A K\ TK

The sifting property is an important property of the impulse function:

|” fmst-a)dt= f(a)



Evaluate the following integral, using the
sifting property of the impulse function.

jll"o (6t2 +3)5(t — 2)dt

X 24
V. o7 6(2)2 +3=27

XC. 3



LaPlace Transform in Circuit Analysis

Use the definition of Laplace transform to calculate the Laplace
transforms of some functions of interest:

L{5()}= [ s(tedt= [ 5(t-0)e“dt=e~" =1

0

LLu(t)}= j: u(t)e'dt = jo‘” le~dt = _is ot

_g-1
—S

N

0

o0

o1

— (s_+ a) (s+a)

B{e—at}: J'O p-dlast gt = J'O e—(s+a)tdt: e—(s+a)t

—(s+a) .

0 jax _ a—jar - ) )
B{S”’]ax} J' {e Zje —|J _Stdt:j%jo [e—(S—Ja))t _e—(S+Ja))t]dt

_ 1( g~(s-jo)t T_ 1{ g(s+io)t T: 1 1 _ 1 }: @
2[-G-jo |, 2|-6+jo) ], 2lc-jo) (s+jo)| s+




I e
Look at the Functional Transforms table. Based

on the pattern that exists relating the step and
ramp transforms, and the exponential and
damped-ramp transforms, what do you predict
the Laplace transform of 12 is¢

X 1/(s+a)
X.

\’c. 1/s3
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Using the definition of the Laplace transform, determine the effect of
various operations on time-domain functions when the result is
Laplace-transformed. These are collected in the Operational
Transform table.

LLK (1) + K, f, () - K, f(t)} = jj[K1 f (e ™ + K, f, (t)e — K, f,(t)e ]dt
— j:’ K, f,(t)e dt + j:’ K, f,(t)e dt— j: K, f,(t)e dt

=K, | ft)edt+K, [ f,(te dt—K, [ f,(t)edt
= KiF4i(s) + Ky F5(s) — Ky F,(S)

dt
- —(0) +s j: f (t)e *dt =sF (s) — f(0)

B{w} =e ¥ f (t)‘:— J-Ooof (t)[-se _St]dt (integration by parts!)



N
Now lets use the operational transform

table to find the correct value of the

Laplace transform of t2, given that

efy=1

32
X 1/s3
v 2/s3
X -2/s3
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Example — Find the Laplace transform of t2e—<t,

Use the operational transform: B{t” f(t) }z(—l) n dndF (s)
Sn
1
. : £ —at -
Use the functional transform ‘% } (s +a)

el at}=(—1)2:?[ 1 ] df -1 ] 12

s+aJ_ ds| (s +a)’ | (s+a)

Alternatively,
Use the operational transform: B{:‘atf (t)}: F(s+a)

Use the functional transform: 13{2 } %
S
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How can we use the Laplace transform to solve circuit
problems?
*Option 1:

*Write the set of differential equations in the time
domain that describe the relationship between voltage
and current for the circuit.
*Use KVL, KCL, and the laws governing voltage and
current for resistors, inductors (and coupled coils) and
capacitors.
*Laplace transform the equations to eliminate the
integrals and derivatives, and solve these equations for
V(s) and I(s).
*Inverse-Laplace transform to get v(t) and i(t).
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How can we use the Laplace transform to solve circuit
problems?
*Option 2:
*Laplace transform the circuit (following the process we
used in the phasor transform) and use DC circuit
analysis to find V(s) and [(s).
*Inverse-Laplace transform to get v(t) and i(t).
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N

Laplace transform — resistors:

Time-domain s-domain (Laplace)
+9a T ®a
i gR Iy V §R
~®b L ~®b
v(t) = Ri(t) N V(s) = RI(s)
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-

Laplace transform — inductors:
Time-domain s-domain (Laplace)

ra -9 a
/,I
it v Lil sl

Y !
b Iy sl | ly/s
O

v(t) = L 910 £ L. Ib
dt N
i(0) =1, V(s) =sLI(s)— LI,

1(s)=Y) Lo
sL s




LaPlace Transform in Circuit Analysis

Time-domain

98 T

! =< CVy

- NE =
dv(t)
dt

v(0) =V,

i(t) = C

Laplace transform — resistors:

s-domain (Laplace)

a

1/sC A

=~

v ¢c~v0

.

1(s) =sCV(s)-CV,



Find the value of the complex impedance and
the series-connected voltage source, representing
the Laplace transform of a capacitor.

a + ®a
X sC Vy/s I'I =

Y 5. 1/sC, Vo/s 15C= ¥ dPCVO 1 v
X 1/5c,-vy/s I i
b - eb

1(s) =sCV(s)-CV,
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Recipe for Laplace transform circuit analysis:

1. Redraw the circuit (nothing about the Laplace transform
changes the types of elements or their interconnections).

2. Any voltages or currents with values given are Laplace-
transformed using the functional and operational tables.

3. Any voltages or currents represented symbolically, using
i(t) and v(t), are replaced with the symbols I(s) and V(s).

4. All component values are replaced with the corresponding
complex impedance, Z(s).

5. Use DC circuit analysis techniques to write the s-domain
equations and solve them.

6. Inverse-Laplace transform s-domain solutions to get time-
domain solutions.
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-

Example: X pab L

Y Y YN @ Y B () T—

There is no initial energy ( \ 0 @ i
stored in this circuit. Find 336 V 2420 2480

i,(t) and i5(t) for t > O.

®
845 10
330, (42 4 8.45)L - 421, =0 s o
S
336 ' ) 7 e T
(10s+90)1,—421,=0 = | = 1051290| . s (1Y 320 L)\3480
L 4
Substituting, 330, [(42 +8.45)(105+90) _ 42WI ,=0 P —
s I 42
_ ()= 336(42) _ 168
s[(42 +8.45)(10s +90) —42% s+ 1452+ 24s
105 +90[ 168 1 40s+360
1,(s) =

42 ||+ 142 +24s || s°+ 142+ 24s
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Recipe for Laplace transform circuit analysis:

1. Redraw the circuit (nothing about the Laplace transform
changes the types of elements or their interconnections).

2. Any voltages or currents with values given are Laplace-
transformed using the functional and operational tables.

3. Any voltages or currents represented symbolically, using
i(t) and v(t), are replaced with the symbols I(s) and V(s).

4. All component values are replaced with the corresponding
complex impedance, Z(s).

5. Use DC circuit analysis techniques to write the s-domain
equations and solve them.
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Finding the inverse Lqplace transform:

f(t)y="_— F(s)e“ds t>0
271- C— joo
This is a contour integral in the complex plane, where the complex
number ¢ must be chosen such that the path of integration is in
the convergence area along a line parallel to the imaginary axis
at distance ¢ from it, where ¢ must be larger than the real parts
of all singular values of F(s)!

There must be a better way ...
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Inverse Laplace transform using partial fraction expansion:
*Every s-domain quantity, V(s) and I(s), will be in the form
N(s)
D(s)
where N(s) is the numerator polynomial in s, and has real
coefficients, and D(s) is the denominator polynomial in s, and
also has real coefficients, and
O{N(s)}<O{D(s)}
*Since D(s) has real coefficients, it can always be factored,
where the factors can be in the following forms:
v'Real and distinct
v'Real and repeated
v'Complex conjugates and distinct
v’ Complex conjugates and repeated
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Inverse Laplace transform using partial fraction expansion:
*The roots of D(s) (the values of s that make D(s) = 0) are
called
*The roots of N(s) (the values of s that make N(s) = O) are
called

Back to the example:

() 205+360 _  40(s +9)
I 634145+ 24s  s(s+2)(s+12)
168 168

1,(s) = -
,(S) s*+14s°+24s  s(s+2)(s+12)



N
Find the zeros of I,(s).

1(s) = 40(s +9)
S(s+2)(s+12)
'+ s=-9rad/s
X - rad/s

X c. There aren’t any zeros



Find the poles of [(s).

40(s +9)

1(8) = S(s+2)(s+12)

X: s=2rad/s,s=12rad/s
.. s=—2rad/s,s =—12rad/s
c s=0rad/s,s=—-2rad/s,s=—12rad/s

K
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_

Example: > 84H 10 H

. . e Y YY"\ @ S B M ) T—
There is no initial energy \ e g

[ [ [ [ [ [ B ] "
stored in this circuit. Find 336V §42 Q0 §48 O
i,(t) and i5(t) for t > O.

L
I (S) . 4OS +360 Copyright £ 2008 Pearsan Prentice Hall, Inc
B s(s+2)(s+12) - o
_KL KL K 20 (1Y $420(,\340
S S+2 s+12

_ 405 +360

40s +360 _ _ 40s + 360 _
1 = = , K2 — = —14’ K3 _ —
(s+2)(s+12)| s(s+12) | _, s(s+2) |__,
|1(S) :E+_14 ' =

S Ss+2 s+12
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]
Example: 8.4 H 10 H
. v e Y'Y Y\ @ S B M ) T—
There is no initial energy \ e g
[ ] [ [ [ [ [ i ] \
stored in this circuit. Find 336V §42 Q0 §48 O
i,(t) and i5(t) for t > O.

i,(t)= 2'1{15+ —4 }
S s+2 s+12
=[15-14e % —e *]u(t) A

Theforced response is15u(t) A;

The natural response is [-14e~% —e 2 ]u(t) A.
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]
Example: > 84H 10 H
. v e Y'Y Y\ @ S B M ) T—
There is no initial energy \ e g
[ ] [ [ [ [ [ —l ] Vw
stored in this circuit. Find 336 V §42 Q0 §48 O
i,(t) and i5(t) for t > O.

168
|2(S) —
s(s+2)(s+12)
_ K, n K, n Ks
S S+2 s+12
K, = 168 _7 K, - 168 _
(s+2)(s+12)| s(s+12)|_,
1(s) = [ 8.4 + 14

S S+2 Ss+12

=14

s=-12
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]
Example: 8.4 H 10 H
. v e Y'Y Y\ @ S B M ) T—
There is no initial energy \ e g
[ ] [ [ [ [ [ i ] 7‘
stored in this circuit. Find 336V §42 Q0 §48 O
i,(t) and i5(t) for t > O.

(1) :B'l{z ,-84, 14 }

S s+2 s+12

=[7-8.4e%" +1.4e ' ]u(t) A
Theforced responseis 7u(t) A;

The natural response is [-8.4e~% —1.4e ' u(t) A.
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Example: > 84H 10 H
. v e Y'Y Y\ @ S B M ) T—
There is no initial energy \ e g
[ ] [ [ [ [ , o ] .’
stored in this circuit. Find 336V §42 Q0 §48 O
i,(t) and i5(t) for t > O.
L

()= (15-14e% —g 2)y(f)A o
i ()= (7 —8.4672 +1.4e72)u(t) A

Check the answers at t = O and t = o to make sure the circuit
and the equations match!
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]

Example: X 84H 10 H

. v e Y Y\ @ 'S E M ) —
There is no initial energy \ - g

. . . . . - U | ’
stored in this circuit. Find 336 V §42 0 §48 0
i,(t) and i5(t) for t > O.

L

()= (15-14e% —g 2)y(f)A o
i ()= (7 —8.4672 +1.4e72)u(t) A

At t = O, the circuit has no initial stored energy, so i,(0) = O
and i,(0) = 0. Now check the equations:

i(0)=(15-14-1)1) =0
i,(0)=(7-8.4+1.4)(1)=0



As t — o0, the inductors behave like

X+ Inductors
X. Open circuits
¥« Short circuits

84 H 10 H

"G G B (5 T o o' () V—

)<¥ -~
=~ (=0 & {2
" )336V 2420 2480

Copyright € 2008 Pearsan Prentica Hall, Inc
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]
Example: X BaH o 10H
There is no initial energy , .\ 0 i &
stored in this circuit. Find 336 V 2420 §48 Q
i,(t) and i5(t) for t > O. |

1 & 2008 Pearson Prentice Hall, In

i()=(15-14e2 —e ) u()A =  i(0)=15-0-0=15A
i()=(7-8.4e2 +14e2)U()A =  i(0)=7-0-0=7A

Draw the circuit for t = o0 and check these solutions.

42|48 = 22.4Q
— 7 —>
() o) i (o0) = =30 — 15 A(check!)
336 V 2420 2480 22.4
22.4

L

,(o0) = =7(15) = 7 A(check!)
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We can also check the initial and final values in the s-domain,
before we begin the process of inverse-Laplace transforming our
s-domain solutions. To do this, use the

and the

*The initial value theorem:
im f({t)=lim sF(s)
0 S—>00

t—
This theorem is valid if and only if f(t) has no impulse functions.

*The final value theorem:

lim_,_ f(t)=lim,_, ,SF(s)
This theorem is valid if and only if all but one of the poles of
F(s) are in the left-half of the complex plane, and the one that
is not can only be at the origin.
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]
Example: > 84H 10 H
. v e Y'Y Y\ @ S B M ) T—
There is no initial energy \ e g
[ ] [ [ [ [ [ i~ ] 7]
stored in this circuit. Find 336V §42 Q0 §48 O
i,(t) and i5(t) for t > O.

| (s) — 405 +360

7 684 1452+ 24s
168

|2(S) —

53+ 14s° + 24s

Check your answers using the IVT and the FVT.
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IVT: A
From the circuit, i;,(0) = 0 , * 0 i i5
and i,(0) = 0. 336 V 2420 §48 )
L
40s +360 168
1.(S) = l,(S) =
1(_ ) - s%4 1482+ 24s 2? )_ s°+ 1452 + 24s
Itlrg 1,(t) = !ImS|1(S) !lm 1,(t) = !ImS|1(S)
_lim 40s* +360s . 168s
s> §° 1+ 148° + 24s s> G +%4S +24s
(405)+(360/s%) o (1635

=M1y @4/s)+ @4/s) 15501+ (L14/s )+ @4/s’ )
= 0A(check!) = 0A(check!)



LaPlace Transform in Circuit Analysis

FVT:

From the circuit, i;(0) = 15 A
and i,(0) = 7 A.
40s +360
|1(S) =

8%+ 1457+ 24s
!lm 1, (1) = Ilrr(}sll(s)

. 40s*+360s
=lim

s-0 §° +14s° + 245
. 40s +360
=lim

-0 8% 4145 + 24

=350 _ 15 A(check!)
24

10 H

\ 4 B rwlr\__

§4m.

®

yrght © 2008 Pearson Prantoe Mad Inx

| (s) = 168
7 $34 1452+ 24s
!lm 1, (t) = Ilrrgsll(s)

: 168s
=lim — .

550 §° +145° + 245

: 168
=lim —

550 §° +14s + 24

~ 168 _ 7 A(check!)
24

$480
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Recipe for Laplace transform circuit analysis:

1. Redraw the circuit (nothing about the Laplace transform
changes the types of elements or their interconnections).

2. Any voltages or currents with values given are Laplace-
transformed using the functional and operational tables.

3. Any voltages or currents represented symbolically, using
i(t) and v(t), are replaced with the symbols I(s) and V(s).

4. All component values are replaced with the corresponding
complex impedance, Z(s).

5. Use DC circuit analysis techniques to write the s-domain
equations and solve them.

6. Inverse-Laplace transform s-domain solutions to get time-
domain solutions.



LaPlace Transform in Circuit Analysis

_
Example: o 0><
Find vy(t) for t > 0. !
512nF
» 3500
AN i 3
4 I
70V v, 200mH
o
Begin by finding the initial
conditions for this circuit.
V,=0V A
0 IO
70 !

| == =0.2A oy
350




I
Give the basic interconnections of this

circuit, should we use a voltage source or
a current source to represent the initial
condition for the inductor?

=0
< » Voltage source X
X 2. Current source J S12nF

3500
AW

—

[()
200 mH %

| (
I\

x c. Doesn’t matter .. C)

ol & + ¢—
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1
Example: - ”)(
Find vq(t) for t > 0. J | J
512 nF
¥ 3500
| . 1
Laplace transform the ‘ o
circuit and solve for V(s). oy Yo 200mH
.
|
Am L, | (s)— ___70/s+0.04
I w 1/s(512n) + 350+ 0.2s
1) go_:m V(s) = (350+0.25)1 (s) — 0.04
0V V(s) _ (350+0.2$)(70/S +0.04) _004
_ Q LIo=(02)02) 1/5(512n) + 350+ 0.2s
. 70s —268,125

T s2 117505+ 9.765.625
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xample: P
Find vy(t) for t > 0. !
512nF —
70s —268,125 I 508
Vo(s) — 3 + B ool
$*+1750s+ 9,765,625 ¢
70V v, 200mH

Use the IVT and FVT to check Vj(s).

| l 350() 350()
+

+

+
7OV<? V, =70V 7OV§_> V, =0V
o o

@
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Example:
Find vy(t) for t > 0.

IVT

70s —268,125
$* +1750s + 9,765,625
limv, (t) =limsV,(s)
t—0

S—>0

Vo(s) =

_lim 70s% —268,125s
55052 +1750s + 9,765,625
_ 70 - 268,125/s

= |lim

Ys>01 +1750/s + 9,765,625/s’

= %: 70 V(check!)

=20

I iy ok
I\ -
70V CD v, [2()0 mH §
FVT
70s —268,125

Vo(s) -

s? +1750s + 9,765,625
limv, (t) = limsV,(s)
s—0

t—>o0
_lim 70s?—268,125s
550 52 +1750s +9,765,625
0
Im
s—0 9,765,625
= 0V/(check!)
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Example: ‘
_ A e
vi(s) = 70s — 268,125 v

(s +875— J3000)(s +875+ J3000) -, 5 200 mH

Partial fraction expansion:

Vi(S) = A . + A .
(s + 875—33000) (s+875+ j3000)
K 70s —268,125 70(—875 +j3000) —268,125

1™ 65.1/57.48°

1~ (s+875+ j3000) ~ [(~875 +j3000) + 875+ j3000

s=—875+j 3000

70s — 268,125 70(~875 — j3000) —268,125

K, = _ - _ _ = 65.1/—57.48°
(s +875— j3000)|. [(=875— j3000) + 875+ — j3000]

=—875-j3000



1
When two partial fraction
denominators are complex conjugates,
their numerators are

X Equadl

xB. Unrelated
ﬂ/c. Complex conjugates
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Aside — look at the inverse Laplace transform of partial fractions
that are complex conjugates.
SO L A
S°+2s+5 s+1-J2 s+1+)2
K — 10s ~10(-1+j2)
CosHl+ 2|, -1+ 24142
E(s) = 5.59426._57O L5594 2(?.57o
S+1— )2 S+ 1+ )2
N f (t) _ 5 5Qpi2657°a-(1-j2)t | § 5Qa-i2657°a—(1+j2)t

=5.59/26.57°

— 5.59p tpi(2t+26.57°) 4 § 5Q@a-ta—i(2t+26.57°)

=5.59e"[cos(2t + 26.57°) + jsin(2t + 26.57°)]

+5.59e™[cos(2t + 26.57°) — jsin(2t + 26.57°)]
= 2(5.59)e"'cos(2t +26.57°)
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=

The parts of the time-domain expression come from a single
partial fraction term:

f(t) =2(5.59)e " cos(2t +26.57°)

Important — you must use the numerator of the partial
fraction whose denominator has the negative imaginary
part!
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-

The general Laplace transform (from the table below the
“Functional Transforms” table)

[K|£6 | |K|Z-8
s+a—Jb s+a-—jb

F(s) =

LHF(s)}= f(t)=2|K |e*cos(bt + )



65.1/57.48°  65.1/-57.48°
(s +875— j3000) (s +875+ j3000)

Vo(s) —

The partial fraction expansion for V(s) is
shown above. When we inverse-Laplace
transform, which partial fraction term
should we use?

&+ The first term
x ..  The second term
X c. It doesn’t matter



65.1/57.48°  65.1/-57.48°
(s +875— j3000) (s +875+ j3000)

Vo(s) =
—
The time-domain function for v (t) will
include a cosine at what frequency?

X 875rad/s
X. 1302 rad/s
v . 3000 rad /s
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Example: = “><
Find vy(t) for t > 0. J | J
512nF
/ 3500)
AN faisi- 2
65.1/57.48° 65.1/—-57.48° 4 Lo
Vo(s) 70V v, 200 mH

= +
(s+875— j3000) (s -+875+ j3000)

Inverse Laplace transform:

V, () = 2(65.1)e~°"' cos(3000t + 57.48°) =130.2e°"™" cos(3000t + 57.48°) V

Check att = 0 and t — oo:
V,(0) =130.2(1) cos(57.48°) =70V
Vy(o0) =130.2(0)cos(...)=0V



B
This example is a series RLC circuit. Its

response form, repeated below, is
characterized as:
V,(t) = 130.2e*"'cos(3000t +57.48°) V

/' » Underdamped
X 2. Overdamped
X Critically damped
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_
Example: I
There is no initial energy $2800 5
. . B v.y)3.25x10 v, 340mH

stored in this circulit. 04 2=0.251F
Find v, if I, = 5u(t) mA. .
Laplace transform the circuit:

.

_+_
2800 .
0.005 N 3.25x10 'V, 30.04s
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1 -
E_xample: a
Find V,(s): 32800 .
0.005 | N 3.25x10 vV, 30.04s
Vj 7= 4x10°
) S B
@
_ 0-005+ Vo + 3.25><10‘3V¢+ OVO =0 KCL at topnode

s 280+ 4x10%s
| 4x10°s | 4x10%V

" 280 +4x10%s ° 280s+4x10°

V°|rL280 s 13,000 6+25120.005

s+4x10° 280s+4x10° s /| s

Y [sz +13,000s + 25(280s + 4x10° )] _ 0.005
° s(280s +4x10° ) J S

_ 1.45+20,000
°" 52+ 20,0005 +10°

04s

voltage division

—



~ 1.45+20,000
° 24 20,000s+10°

This s-domain expression has Zeros
and poles.

X 02

v s 1, 2

XC. 2,1
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Example: i K
Check your s- . 32800 o
domain answer: s o %qr3.25x10°V, 30.04s
Vo = 4x100
N @
IVT FVT
V. (s) =148 +20,000 e 0000
°"7  $2420,000s+10° Vy(s)= e .
s+ 20,000s+10

I|m Vo () = lim sF(s)

S—00

. 1.45>+20,000s
=lim — -
s> §° + 20,000s+10

1.4 +20,000/s

im
~ 101+ 20,000/5+10°/5?
=14V

limv, (t) = I|m SF(s)

t—oo

- 145°+20,000s
052 + 20,0005 +10°
0

100

=0V



Warning — this one’s tricky!

_
Just after t = O, there is no initial stored energy

in the circuit. Therefore, the capacitor behaves

like o and the inductor behaves like a .
£2800 .
Iy Vo 3.25x10 v, 340mH
Vp —~0.25LF

X . Open circuit/short circuit
X. Open circuit /open circuit
X . Sshort circuit /short circuit

o.  Short circuit /open circuit
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N

Fort=0 Fort - «
© . 0A— | % »
2800 \ 280 :
CT) SmA §+ v, 3.25x10—'v4, <1> SmA | “ v, 3.25.‘-{10-‘:%
“lov - vy )
o— I . L
v, (0) =(0.005)(280) v, (0) =0V

=1.4V (check!) (it Is the voltage across awire!)
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_
Example: ? K
Partial fraction $2800 |
expansion: 0.005 |  Vk13.25x10 'V, 30.04s
Vp <4s10”

®

V() — 145 +20,000 _1.4s5+20,000
™7 $2420,000s+10°  (5+10,000)?

~ K, LK
~ (s+10,000) (s +10,000)




Ky K,

V() = +
(s+10,000)* (s+10,000)

_
In the partial fraction expansion given

here, K; and K, are

\/ ». Both real numbers

2.  Complex conjugates

c. Need more information
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Aside — find the partial fraction expansion when there are

repeated real roots.
2
45 +7S+1_@ +DZK+ 3 K

F(S)=
(5) s(s +1)> s (s+1)? s+l
_4s+T7s+1) 1 4
R R
2 _
K2:4S +7s+1 :4 7+1:2
S - -1
2 _
_ 4s* +7s+1 :4 7+1:undefined!
s(s+1) [, (-1)(0)
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Aside — find the partial fraction expansion when there are
repeated real roots. How do we find the coefficient of the term
with just one copy of the repeated root?

(s11)2F(s) KRG (K (541F  K(s+1y
> (s+1)° s+1

Eliminate these two Keep this
terms term!

ngl)zF(S)] :g{Kl(sﬂ)Z} +_d{K2(s+1)2} ,d {Kg(sﬂ)ﬂ
ds ., G0s

S ds| (s+1) ds| s+1
s=—1 s=—1 s=—1
= 0 because the
.. . = 0 because the = K3 because the
derivative still has .. .
. derivative of a derivative of
(s+1) in the ) .
constant is O Ks(s+1)is K5

numerator
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Aside — find the partial fraction expansion when there are
repeated real roots.

2
P 45T LK, K, g K

s(s +1)? s (s+1) s+1
45t +7s+1]  4(0)°+ 7(O)+1_1
T (sl | (0+1)
4?2+ 7s +1 4(-1)*+7(-1) +1
K2 = = = 2
S s=—1 (_1)
( _dlas?+7s+1l 8547 45+ 7s+1
> ds S ., S 52 _,

_8(-1)+7 A1 +7(-1)+1 _ 3
(-1) (-1)°
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_
_+_

Back to the example; §280(2 l
find the partial fraction 0.005 Y 3.25x10 'V, 30.04s
expansion: Vp o= Ax10”

VO(S) _1.4s+20,000 _ K, N K,

(s+10,000)* (s+10,000)* (s+10,000)
K,=14s+ 20’000‘3=—1o,ooo = 6000
K, = % [1.45 +20,000] 14

s=—10,000
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Example: I
Find vq(t) for t > 0. 2800 ;
O( ) Iy . § U 3.25x10 v, 340mH
Vp 2~0.25LF

Inverse Laplace
transform the result in ¢
the s-domain to get the V. (s) = 6000 n 1.4
time-domain result: ° (s +10,000)* (s+10,000)

v, (t)= |§5000te‘1°’°0°t +1.4e‘1°’°°°t]u(t)v (see the Laplace tables)
V,(0) =1.4V (check!)
Vy(o0) =0V (check!)



v,(t) = [6000te 10000 1. 1 4e20000 Jyy(t) \/

N
We have seen this response form in our
analysis of second-order RLC circuits;
it is called:

X © Overdamped
X 2. Underdamped
Y c.  Critically damped
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Example:

There is no initial energy
stored in this circuit. Find
i(t) if v(t) = e 9-%sin0.8t V.

Laplace transform the circuit:

0.8

eesin0st koo

08
S +1.25+1

0960 0.8
e 1T

0.8
(s+0.6)+0.8’ I(S)z 0.8s
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Example: 0.960 OiE}f‘s
Find I(s): v AN

0.8
(S+O.6)2+0.gw 0.8s
(0.96+ %+0.83jl ()= 98

S s +1.2s+1

(0.85°+0.965+0.8), 08
L S ) s®+1.2s+1

= | (S) =¢ >
(s +1.23+1)
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. 0960 V.

I
Example: Wy l

/S

/'-\OO

Check your s-domain

0.8
answer: (510.6Y+08 1)f 20.8s

VT FVT
S
| (S)=
) (s? +1.25+1)? | (s)= S
Img i(t) = limsl(s) (s* +1.25+1)°
t— S—m
. limi(t) = I|m sl(s)
_ Ilm t—oo
oo (8% +1.25 +1)3 _lim 52
1/s? 50 (5% +1. 23+1)

= lim
Voo (1+1.2/s+1/s? )2



LaPlace Transform in Circuit Analysis

_
Example: 0.96Q OI§S
Partial fraction e 1T
expansion:
08 -
(5106108 1)) 308s
S K K
I(S) — = 1 2

_|_
(s?+1.2s+1)* (s +0.6—j0.8)* (s+0.6—j0.8)

L Ko N
(s +0.6+j0.8)* (s+0.6+j0.8)
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] 0.960 0.8/s
e

Partial fraction

expansion, continued: 08
' (310.6)+0.8 )] 308s

= K + K +...
(s +0.6—j0.8)> (s+0.6-j0.8)
- ~0.6+j0.8
~ (-0.6 +j0.8 + 0.6 +j0.8)?

1(S)

S
K, = :
(s + 0.6 +j0.8)?

=0.39£-53.13°

s=—0.6+j0.8

K _ d S _ 1 . 23
> ds| (s+0.6+j0.8)? (s +0.6+j0.8)> | (s+0.6+j0.8)° —06ri08
1 2(-0.6+j0.8)

[o8)F  R(os)

=0.29£-90°
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0.960 1~I2{5 F
WV

v(t) ) 0.8 H
1(t)

Inverse Laplace transform the result in the s-domain to get

Example:

There is no initial energy
stored in this circuit. Find
i(t) if v(t) = e 9-4sin0.8t V.

the time-domain result:

| (s) = 0.39Z —5?%.13O N DO.29490‘_’ L
(s+0.6— j0.8)2 (s+0.6-j0.8)
i(t) =2(0.39)te % cos(0.8t —53.13°) + 2(0.29)e°°' cos(0.8t + 90°)

= |0.78te 05" c0s(0.8t — 53.13°) + 0.58¢ % cos(0.8t + 90°) fi(t) A




Which term of the solution represents

the forced response?
_

Example:

There is no initial energy
stored in this circuit. Find
i(t) if v(t) = e 9-4sin0.8t V.

i(t) =[0.78te** cos(0.8t —53.13°) + 0.58e7°° cos(0.8t + 90°)Ju(t) A

x A First term
v .. Second term
x c.  Neither
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Recipe for Laplace transform circuit analysis:

1. Redraw the circuit — note that you need to find the initial conditions
and decide how to represent them in the circuit.

2. Any voltages or currents with values given are Laplace-transformed
using the functional and operational tables.

3. Any voltages or currents represented symbolically, using i(t) and v(t),
are replaced with the symbols I(s) and V(s).

4. All component values are replaced with the corresponding complex
impedance, Z(s), and the appropriate source representing initial
conditions.

5. Use DC circuit analysis techniques to write the s-domain equations and
solve them. Check your solutions with IVT and FVT.

6. Inverse-Laplace transform s-domain solutions (using the partial fraction
expansion technique and the Laplace tables) to get time-domain
solutions. Check your solutions att = 0 and t = oo.



LaPlace Transform in Circuit Analysis

Aside — How do you inverse Laplace transform F(s) if it is an
improper rational function? (Note — this won’t happen in linear

circuits, but can happen in other systems modeled with differential
equationsl)
Example:

B‘lﬂ{ @SZT}%;%J (Note: O{D(s)} > O{N(s)} does nothold!)

See next slide!
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]
1| S2+6s+7 _
L (Note: O{D(s)} > O{N(s)} does nothold!)
(s+1)(s+2)
1
s* +35+2>52+ 6s + 7
— 524+ 3542
35 +5
_ S +65+7 L 3+5 g oK, K
(s+1)(s+2) (s+1)(s+2) (s+1) (s+2)
K1=35+5 _ K2:33+5 _
(s +2) - (s+1) -

1 2 1 | _ b, a2t
E{1+(S+l)+(s+2)}—5(t)+[2e re2 i)
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